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Abstract 

The chiral space of local fields in Sine-Gordon or the SU(2)-invariant Thirring model 
is studied as a module over the commutative algebra T> of local integrals of motion. Using 
the recent construction of form factors by means of quantum affine algebra at root of unity 
due to Feigin et al. we construct a D-free resolution of the space of local fields. In general 
the cohomologies of the de Rham type complex associated with the space of local fields 
are determined and shown to be the irreducible representations of the symplectic group 
Sp(2oo). Babelon-Bernard-Smirnov's description of the space of local fields automatically 
incorporated in this framework. 

1 Introduction 

Let U^f(sl 2 ) be the quantum affine algebra at q = sf—1, x^, b n (a part of) Drinfeld gener- 
ators, V v /3y(Aj) the level one representation and V^j(A i ) 2m +i the subspace of vectors whose 
sl 2 weight is 2m + i. 

In 0] Feigin et al. proved that the chiral subspace of local fields in the quantum sine-Gordon 
model at generic coupling constant and that in the SU(2) invariant Thirring model (ITM) are 
isomorphic to the space 

A 2m +i = — _ , m > (J, 

X V v /3l(A i )2m+i+2 + (Xq ) (2) Vy^I (A l ) 2 m+ 1 +4 

where (xqY 2 ^ = (x^ ) 2 /(q + q^ 1 ) is the divided power of Xq . The local integral of motion with 
spin s, s being odd, is identified with b s . They become central at q = y— T and A 2m+ i becomes 
a module over the commutative ring 

Z> = C[&_i, 6_ 3 , . . .]. 

To study the structure of A 2m +i as a P-module is an interesting problem because it is a 
common problem for any integrable system. In particular it will give a suitable framework 
to compare structures of different integrable systems such as massive integrable field theories, 
conformal field theories and classical integrable systems [Tlll4|. 

The main aim of this article is to determine the P-module structure of A 2m+i completely. 
More precisely we construct a 2?-free resolution of A 2m+i . Each term of the resolution is 
described in terms of the Fock space of free fermions. 
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The problem to study the space of local fields as a module over the ring of local integrals of 
motion was initiated by Babelon-Bernard-Smirnov [Q. They studied the restricted sine-Gordon 
model and derived the c = 1 character of the Virasoro algebra. The important observation in 
PP is that the fermionization simplifies the description of polynomials giving rise to null vectors. 
The description of the space of local fields in terms of the representations of the quantum affine 
algebra automatically incorporates the fermions and related operators in pQ. We remark here 
that it is difficult to determine the 2?-module structure of A 2m +i in the previous description 
by minimal form factors ^3 ^2 03 Hj] • 

The commutative ring T> and a module over it determines a de Rham type complex. Let 

= Cdt-i A eft_3 A • • ■ , 

be the space of highest degree forms and £l^~ p be the vector space generated by differential 
forms which are obtained from dt-\ A dt-a A • • ■ by removing p dt^s. Then the pair of the 
vector space and a differential 

CfZ = A 2m+i ® ^"*\ (1) 

OO 

fif = 53 6 -(2»-l)® d *-(2a-l)> ( 2 ) 
s=l 

defines a complex. The highest cohomology group is isomorphic to 

This space is the space of chiral local fields modulo the action of local integrals of motion and 
its basis gives the minimal set of generators of Ai m +i as a 2?-module. Thus to determine it is 
in fact a first step to construct a free resolution of A2 m +i ■ In turn, using the free resolution 
of A 2m +i it is possible to describe all cohomology groups in terms of the Fock space of free 
fermions. We show that those cohomology groups become the irreducible representations of 
the symplectic group Sp(2oo), which is obtained as the inductive limit of Sp(2n) , s. This result 
suggests that the cohomology groups of , J2J gi ye the universal structure of the cohomology 
groups of affine hyperelliptic Jacobian varieties j^l El ■ Thus one can think of the result as an 
example of the comparison of different integrable systems mentioned above. We shall study 
this subject in a subsequent paper. 

The present paper is organized in the following manner. After introduction the notations 
concerning the quantum affine algebra at q = and its level one representations are ex- 

plained in section two. Then the chiral space of local fields arc defined using them. In section 
3 fermions are introduced and the integral expressions of Xq and (xq )^ are given in terms of 
them. The free resolution of Ai m are constructed in section 4. In section five the de Rham 
type cohomology groups associated with A2 m are determined. The space Ai m +\ is studied in 
section 6. We prove that A 2m +i is a free D-module. In section 7 the cohomology groups are 
shown to be the irreducible representations of the symplectic group. 

2 The chiral space 

We recall the results of [I]. Notations mainly follows that paper. Let q be an indeterminate. 
The quantum affine algebra U q {sl2) is the C(q) Hopf algebra generated by x^ (k £ Z), b„(n £ 
Z\{0}), tf 1 , C ±:L , D ± with the following defining relations: 
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C ±1 is central, CC' 1 = C~ l G = 1, 
txti 1 = £f x *i = 1, tibnt^ 1 = b„, hx^ti 1 = q ±2 x„, 
DD~ l = D~ X D = 1, Dtx=t x D, 
Db n D- x = q n b n , Dx^D- 1 = q n x±, 
[2m] C m - C- m 

\O m , O n \ — m- — — — : O m + n 0) 

[m\ z q — q 1 
r«' x fcJ — [n] x fc+«' 
x k+i x t — 5 ±2a i ^fe+i = 1 ±2x k x t+i ~ x l+l x k ' 



* x k i x i i — i 
9 — <7 



where 



fcez 

Since we do not use the coproduct in this paper we omit the description it. 

In order to specialize q to a complex number one has to define the so called integral form. 
To this end we need some notations. For x € U q {sl2), the divided power of x is defined by 

x{r) = fr v [r] = q —^r, [r]! = [r]-[2][l]. 
[r]\ q-q 1 

Let A = C[q, g -1 ]. Then the integral form Ua is defined to be the A-subalgebra of U q {sl2) 
generated by (£fc) (r) (k e Z,r > 0), b n n G Z\{0}, tf\ C ±x , D ±x . 
The algebra U^zr£{sh) is then defined by 

U^fa) = ( (g _^- T) J ®a U A . 

We denote the subalgebra of Ua without D ±x by U' A and similarly for {J^— ^(s^)- 

There are two notable properties which distinguish U'^ — j-(s^) from the generic q case. They 
are given by the equations 

X i X j — X l X 



(3) 

[6a»-i,C^=i(«ia)]=0 Vn e Z. (4) 

Let ao: c*i and Aq, Ai be the simple roots and the fundamental weights of s^2 respectively. 
The Frenkel-Jing realization of the level one integrable highest weight representation V{Ki) 
of U q {sl2) determines the level one representation of U^zr[{sh) G] Define the integral form 
Va(Ai) by the free A-module 

V A (Ai) = ® me zA[b n | n < 0]e A * +mai . 
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The action of U A on this space is defined in the following way. For PC 3 e V A (Ai) define the 
actions of C, d by 

diPc 13 ) =< hi,P> (Pe^), 

where < hi,a% >= 2, < hi,Aj >= 6i_j. For n < b n acts by the multiplication by itself and 
for n > it acts by taking the commutator [b n , ■]. Define the grading on V A (Ai) as 

degb n = n, dege A * +mQl = -m 2 - im. 

Let 

nez 

Then the generators of U A acts on Va(Aj) by the following formulas 



x+(z) = exp ( £ exp ( - E ^{qzT^z , 

n—l n—l 

CO t CO , 

=exp(-E^(gz)")exp(E^z- n )e- ttl z- a , (5) 

n—l n—l 

t\ = q d , Du = q^ e & u u for a homogeneous u G V^(Ai). 
^(A,) 2m+I = A[b„ | n < 0}e Ai+ma \ 



We set 



Then the space 



V^iAi) = (- ) ® A Va(Aj), 



becomes a {/ /-^(s^-module and 



^4 

K/=l( A i)2m+i = (7 p=s , ) &U VA(Ai) 2m+ i, 

(g-V-lM 

becomes its subspace. 
Set 

Because of (0} it becomes a module over the commutative algebra 

V = C[b_ u b_ 3 ,...]. 

The chiral space of local fields in SG-model at generic coupling constant and that in SU(2)-ITM 
are both isomorphic to A^m+i 00 HIT In SG case the fields are highest weight vectors with the 
weight 2m + i with respect to a certain quantum group U p (sl2) for some p and in SU(2)-ITM 
case the fields are highest weight vectors with weight 2m + i respect to sh- Local integrals of 
motion with spin 2s — 1 are identified with &2s-i- Since we consider the chiral space, only the 
local integrals of motion with negative spins act on it. 
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3 Fermions 

We consider the Neveu-Schwarz(NS) and Ramond(R) fermions {t/^n-ij V'ln-i I n e ^} anc ^ 
{^2n) V'Sn I n £ ^} respectively. They satisfy the canonical anti-commutation relations 



In the following, objects with odd indices are for NS-fermions and those with even indices are 
for R-fcrmions. The vacuum vectors |m > and < m\ are introduced by the following relations 

< m\i\) n — for n < m 1 < m\i\)* n = for n > m, 
i^ n \m >— for n > m, ipn\ m > = f° r n < m. 

These vacuums are related by 

4>m\ m ~ 2 >= \m >, < m — 2\ip m =< m\. 

The Fock spaces H m , are constructed from \m > and < m\ respectively by the same 
number of ipk and iff? ■ The pairing between H m and are defined by the condition 

< m\m >= 1. 

The fermion operators are introduced as 

1){z) = ^2n+iz- 2n -\ V* 0) = J2 ^2n+i z2n+1 for WS-fermions, 
ip(z) = ^ ^2 n z~ 2n , tp*(z) = ^ |i 2 *„z 2 " for i?-fermions. 

Let b2n {n € Z) satisfy the canonical commutation relations 

[&2m,^2n] = <5m+n,0- (6) 

We set 



i=l 



where the summation in rt of hii is taken over odd n G Z for NS-fermions and even n for 
R-fcrmions. 

The boson-fermion correspondence gives the isomorphism of Fock spaces |3] 

iT 2m+i ~C[S_ 2 ,L 4 ,...]e A *+ mai , 

a|2m + i >^< 2m + z|e H(h) a|2r7i + i > . 

By this correspondence the fermion operators are written as [3] 

oo oo r 

yj(z) = exp( V &_ a „* 2n ) exp(- V -i^" 2 ™^^, 

n— 1 n— 1 

oo oo 7 

= cxp(- V L 2n z 2n ) exp(V ^z- 2 ")z a e" 



ri—1 n=l 
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for both NS and R. 

Two bosons &2n and b^n are related by 



b2n = 

Then we have 



2 



-hn, n > 1 



1 L ^hb 2n , n < -1. 



Proposition 1 Zfy ifte boson-fermion correspondence x and (x p ' on V(Aj) are expressed 
as 



where 



b -(2n-l) 2n -l 
z . 



X {z) = y 

v 7 ^ 2n-l 

n=l 

oo oo 
n— 1 n— 1 

and * s R-fermion for i = and NS-fermion for i = 1. 

Remark. The right hand sides of Q and © are similar to the operators appeared in P^. 
The only difference, besides the overall constant multiples, is the coefficients of even and odd 
powers of z in r(z). 

Proof. The expression for Xq follows from J3J and the definitions of ij>(z), X(z). Let us prove 
(jSJ. For n > 1, 6„ can be written as 

b n = n(q n +q- n )- ° 



db- n 

We substitute this into (J5J. In this description of we have 

W"-ift^-i//sffli(^(»«)lH 



where we write the g-dependence of a; (z) explicitly and denote i = \f— T.. By calculation 



d 



i ^ &-»i n « n 2T i) + ar~ (z; g) ^(-l)" -1 ^ - l)^ 2 ™- 1 ' 
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Then 

— (x~{zi;q)x-[z2\q)}\ q =i 

OO 

= £^&_„i n (>™ + z%)x~(zi;i)x~(za;i) 

n=l 

oo 

+x~(zi; i)x-(z2\ i) ^(-l)"- 1 (2n - l)(^" (2n_1) + ^ (2 ™ _1) ) 

n=l 

— ir( — (zi; i)x~ (z 2 ; i). 

Z\ 



(2n— 1) , ^— (2n— 1)^ ^ 

96_( 2n -l) 



Here we use (0} and the commutation relations of 6 n . Due to 

dzi dza + ^\ x -r Zl . i -\ x -f Z2 . i \ = o Vn e Z. 



4 Resolution of 

In terms of the Fock space of fermions A 2m is written as 

V ® H 2m 

A 2m 



x (V <g> H 2m+2 ) + (x~ )( 2 )(P ® H 2m+4 ) 
Since (ir^) 2 = and [xq , (xq )( 2 '] = it is possible to define a complex 

^ T> ® H 2m+2 ^ £>(g>ff 2m _ 

* {xo)W(V®H 2m+6 ) ~^ {xv)W(V®H 2m+i ) ~^ 

where the map 

V <g) Ho„ V <g> £f 2 „_ 2 



A 2m — + 0, (9) 



(So ) (2) P ® ^2„+ 4 ) (^) (2) (^ ® #2„ +2 ) 

is given by the left multiplication by Xq . 
Proposition 2 The module 

V®H 2n 
(xq)( 2 HV ® H 2n+i ) 

is a free T> -module. 

Proof. To prove the proposition we write Xq and (xq )( 2 ' in the component form. Let us write 

oo 

e x « =>TT_ n *". 

n=0 
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Notice that T_( 2n -i) is a homogeneous polynomial of 6_( 2m _i) with the degree — (2n — 1) and 
it has the form 

_ b-(2»-l) 

T -( 2 "- 1 ) - ~2^~r + " ' ' 

where • • • part does not contain b_( 2n -i)- In particular 

D = C[T_i,r_ 3) ...]. 

By calculation we have 



oo 

' n = ^2 T -(2«-l)V'2n, 



b 

71=1 

oo 



( x ) (2) = yE (^2(-n+l) + Qn-l,l( T )^2(-n+l+l))^2n, 



n=l 



where 



Qn,l(T) = (T-2 ni T-2n 2 - 2T_( 2 „ 1 + i)T_( 2 „ 2 _i)). 

ni+H2- /,0<ni,0<n2<n 

We omit the tensor symbol <g> in writing elements of £> ® i? 2m etc. for the sake of simplicity. 
Using this expression we make a base change of V ® -ff 2 „. Let us define {V> 2n , V'ln} in the 
following way. First we set 

4>2n = fan for n > 1, 

oo 

V>-2ti = V>-2n + J! Qn,l( T )fa(-n+l) for U > 0, 
(=1 

and write it as 

fa = X)- 8 ^-?' 

3 

where i, j are even integers. Then the matrix B — (Bij) is a triangular matrix such that its 
diagonal entries are all 1 and B^ — Sij for i > 2. Thus B~ x exists. Define the matrix C by 

C=(c ij )= t (B- 1 ) 

and set 

3 

Then {fa.,tpi} satisfy the canonical anti-commutation relations 

[fa,fa}+ = [4>t,4>f]+ = o, [^ fe ,Vf]+ = <*w- 

Moreover the vacuum is the same for {V>fc, V'*}, that is, the following relations hold 

fa n \2m >= for n > m, ?/> 2j j2m >= for n < to, 
< 2m\ip2 n = for n < m, < 2m|^ 2 „ = for n > to. 
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Therefore we denote the vacuum for {ipk, "0;*} by the same symbol as for {ipk, ^*}- We denote 
the Fock space of {ipk, by H 2m , ff 2 *m- Then we have the isomorphism of T> modules 

V(g> H 2m ~V® H 2m . 

In terms of {tpk^tpi}, x$ and (xq)^ take simple forms 



oc 

■'•r, 

n=l 



Q = ^ 7 1 -(2n-l)V'2n, 



( X ) (2) = 9 V'-2(n-l)V'2r. 



2 

n=l 

In particular (xq ) ( 2 ) defines a map 

(a;o)( 2 > :H 2n ^H 2n ^. (10) 

Thus we have the isomorphism 

V®H 2n ff 2 „ 

(^)( 2 )(2?®F 2n+4 ) ~ (* -)(2)£ 2n+4 ' 
This proves the proposition. ■ 

Remark. The argument used in the proof of the proposition is essentially due to Babelon- 
Bernard-Smirnov^P . 

We set 

yy _ H 2n 

2n ~ {x^)H 2n+i 

Theorem 1 The complex 

► V (g) W 2m+2 — > V ® W 2m — ► A 2m — > 0, 

is a T>-free resolution of A 2m . 

The following lemmas are sufficient to prove the theorem. 
Lemma 1 The complex 

■■■ — >V®Hi — ► T> <g> H 2 — ► V <g> H o — > 

is exact at H 2n n > 1, where the maps are defined by the multiplication by Xq . 

Lemma 2 The map is injective for n > 1 . 

Assuming these lemmas we give a proof of the theorem first. 
Proof of Theorem^] 

It is sufficient to prove the exactness at T> ® W 2n , n > m. Suppose that v € H 2n satisfies 

x„v = {x^) (2) w 
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for some w G H2 n +2- Then 

(x^f 2 \x^w)=0. 

Since (x^Y 2 ^ is injective by Lemma|21 XqW = 0. By Lemma^ w = XqU for some u G i?2n+4- 
Then 

Xo(v-(x^)Wu) = 0, 

and again by Lemma ^ 

v - ( x o) (2)u = x oV 

for some y G H n+ 2- This proves the theorem. ■ 

Proof of Lemma Q 
Notice that 

H 2 ,n = C ^2n • ' • i } *2r k+m i , 2s 1 ■ ■ ■ i>2s k |0 >, 

where the summation is taken for all 

0<r x <••• <r k+m , si<---<s fe <0. (11) 

We set 

oo 

d = x = X! ^-Ps-l)^,, 
s=l 

for the sake of simplicity. For each (si, . . . , s k ) satisfying il IB we set 

H 2m (si,...,S k ) = Y C ^2ri - ■■i ) tr k+m i ) 2s 1 • ' ■ i>2s k \0 > . 

0<ri<— <r fc+m 

Then H2 m is a direct sum of H 2 m(si, • ■ ■ , Sfe)'s an d 

dffl2m(si, • ■ • , Sfc)) C ff 2 m-2(si, ■ ■ ■ , Sk)- 

Thus it is sufficient to prove the exactness of the complex 

(D ® H 2 m{si, ■ ■ ■ ,s k ),d) 
at m > 1 for each (s%, . . . , s k ). Set, for < r% < ■ ■ ■ < r k + m , 

e ri ...r h+m = ^2n ' ' ' ^2r fc+m ^2 si ' ' ' Tp2s k |Q > • 

They form a basis of i?2m(si, ■ ■ ■ , Sfc). Now suppose that 

?; G D<8 H2m(si, ■ ■ ■ , Sfc), cfo = 0, 

and write 

V ~ y ] Pr 1 ...r k + m &r 1 ...r k+m , Prx...r k + m G 2?. 

0<n<— <r fc+m 
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If wc set t s = 7 1 -(2s-i) we have 

d{e ri ,,, rk+m ) = ^ ] (~1) irj e ri...ri_i,r i+ i...r fe+m - 

Let iVi be the maximum among r*i, ...,rk+ m such that P ri ...r k+m 7^ 0, iV an integer such that 
iV > iVi and P ri ... rfe+m G C[*i, ...,t N ] for all P ri ...r k+m ^ 0. We set 

S = C[t 1 ,...,t JV ], K p = Be n ... tv . 

l<ii<---<i p <N 

Then 

and the complex 

— ATjv K N _ X -^■■■^Ko^O 

is the Koszul complex associated with the regular sequence (ti, • • • , fjv) of B. Thus the complex 
(K. , d) is exact at i^„, n > 1 |5]. Since m > 1, this proves the lemma. ■ 

Proof of Lemma \^ 
Let us set 

oo 

UJ = 2i(Xv) ( - 2) = - ^ V>-2(n-l)^2n- 
n=l 

Suppose that v G i?2m satisfies 

LOV = 0. 

Let us write 

V =^c(n,.. . ,r fe |si, . . .,S/- +m )^2n ■ ■ • V>2r fe ^2 Sl ' • ' ^2a fc + m |0 >, 

where 

ri < • • • < r k < < si < ■ ■ ■ < s k+m . 

Let N be the maximum number among — n, . . . , — r^, si, . . . , Sfe +m such that c(ri, . . . , rk\si, . . . , Sk+m) ^ 
0. Then 

N 

LUV = UJ N V, LO N = - ^ V'_2(n-l)V'2Ti- 
n=l 

Define 

AT AT JV 

»7JV = ^ ^-2(n-l)^2n, = ~ ^ ^-2(n-l)^-2(n-l) + Yl ^2n^2n- 
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They act on the direct sum of the spaces 

h^= £ ^ 2ri --^ 2r J* 2si ---r 2Sk+m \o>, 

-N+l<r 1 <---<r k <0<s 1 <---<s k+m <N 

and satisfy the relations 

[t)n,vn] = Cat, [€n,Vn] = %, [€n,un] = -2wjv- 

Thus ujn, TjN an d £,n determine the action of sl 2 on ffimgz-ff^m by the correpondence 

e = VN, f = u N , /i = £jv- 

We have h — m on H^J ■ Thus by the representation theory of sl 2 , <^jv is injective at H 2 ^ , 
m > 1. Since w 6 ffjm 1 u = 0. ■ 

Let us write D = q d E U q (sl 2 ). Then <i can be considered as a degree operator of V^A,-). The 
grading of V(Ai) induces those of V^j(Ai) and H 2m . Since Xq and (xq)^ are homogeneous, 
the quotient space A 2m is also graded. In general, for a graded vector space V by the degree 
operator d such that each homogeneous subspace is finite dimensional, we define its character 
by 

chV = tr v (p- d ). 
We remark that, with this definition of the degree, we have 

degV>2n = In- 1, deg^ = -(2n - 1), deg |2m >= -m 2 . 



Then 



and 



Corollary 1 



Proof. Since 



we have, by $T2$ , 



deg^2n = 2n-l, deg^„ = -(2n - 1), 

chi? 2m = chiT 2m . (12) 

pin 2 ^ — p2m+l^ 

c/lA 2m = ; r . 

VP ■ P)oo 

tf 2m ~C[6_ 2 ,6_ 4 ,...]e Ao+mQl , 



ch H 2m - 



(p 2 ■ P 2 )oo ' 



By Lemma|5|w is injective. Thus 

ch W 2m = chH 2m - ch# 2m+4 , 
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and 



chA 2m = J2 (-l) n - m ch(v® W 2m ) = ch£>(ch# 2m - ch# 2m+2 ). 

n—m 

This proves the corollary. ■ 

Remark. The character of A 2m is calculated in |10lH| in a so called fermionic form. Combining 
the identity of g-series |7j with it the character formula in the corollary is proved. Here we 
have shown that the character formula in this bosonic form can be derived from the resolution 
of A 2m independently to other results. 



Corollary 2 We have the isomorphism 

An 



W 2 . 



J2T=1 &- (2 S - 1)^277 

5 De Rham type cohomologies 

Let us set 

Vet, = dt-x A g?£_3 A e?i_5 A • ■ ■ . 

For > i\ > ■ ■ ■ > ii, ik's being odd, we define w^,...^, to be the formal infinite wedges obtained 
from Vej, by removing dti 1 ,...,dti r We define p > by 

= c U0 , 



0>ii>- ->ip,ifc odd 



and set 



Then by defining 



c 2 I p = A 2m ®n-^-p. 



d = ^ &-(2s-l) O dt^ {2s -l) , 
s=l 



to be a differential {C 2 2 m , d) becomes a complex. We denote its cohomology group at C 2 
by Bj m v . Notice that 



H 2 



J2^Ll &-(2a-l)-^2m ' 

which is described in Corollary |5| Other cohomology groups are described by 
Proposition 3 

#2m~ P - W 2(m+p) for p>0. 
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As a consequence of this proposition we have 

V ( m +P) 2 (l - D 4(m+p+l)\ 
„l. rr 2 t> £_ ^ £_ / 

2m ~ (p 2 :p 2 )oo 

Proof of Proposition 

Consider two chain complexes of 2?-modules 

oo 

K p =V® n^-P, d K = &-(2n-l) ® <ft-(2n-l), 

n=l 

L p =X>(g)M / 2(m+p) , d L =x^. 
We set K p = L p = for p < 0. Let 

M Pj9 = X p (g> v L q 

be the double complex obtained from K and L. Here p denotes the row index and q denotes 
the column index. We denote by M = (M n ) the total complex of (M p , q ). The bordered chain 
complexes of (M Pi9 ) in the vertical and horizontal directions are 

H (M^) ~ C 2 t" p , (13) 
ffo(M''')~W 2(m+9) , (14) 

respectively, where the symbol Hq denotes the 0-th homology group of a comolex. Notice that 
all maps in the complex (|14fl are zero. Therefore g-th homology group of i|14[l are given by 

H q (W 2 ( m +.)) = W 2 ( m + q )- 
By the definition p-th homology group of the complex (|13fl is 

Since two complexes 

► Ml, — i. M , g — ► VK 2(m+?) — ► 0, 

► M pA — > Af Pi0 — C 2 t" P — 0, 

are exact for p, <? > 0, we have 

#»0*W)) - ^n(M) ~ ff n (C 2 t"'). 



6 The structure of ^bm+i 

The strategy is similar to the case of A 2m , that is, we make a base change of fermions and 
describe A 2m+1 using the Fock space of new fermions. The structure of A 2m -\-\ is simpler than 
that of A 2m . 
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The component forms of x and (x )^ are given by 

CO 

x =^ r -2nV>2n+l, 
n=0 

. oo oo 
(^0 ) (2) = -y X! ( ~ 2 V'-2n+l + J! Qn-l.if^^f-n+O + lj^n+l, 



n=l 



where 



We set 



Qn,l(T) = (-2T_2n 1 T , _2n 2 + (2m - 1) (2n 2 + l) ) • 

711+712 = /,0<ni,0<ri2<n 



^2n+l = ^2n+l for n > 0, 

OO 

■0-(2n+l) = -2-0-(2n+l) + ^ QnA T )^2(-n+l)-l for 71 > 0. 



Then we have 



Xq = X T-2ni>2n+l, 
. oo 

( x t7) (2) = y X^-( 2 ™- 1 )^ 2 ' ^ + 1 • 



n=l 



We define V^n+i; n £ Z similarly to the case of A 2m . Again the vacuums are invariant by 
this change. Thus the Fock space H2m+i is defined over the same vacuum as fermions ip2n+i, 

Let us define the subspace of Him+\ by 

H 2m +1,0 = ^C^ri+l ■ ■ ■ i>2r k + li>2 Sl +l ■ ■ ■^2s k + m + l\ 1 >, 

where n < ■ ■ ■ < rfc < < si < ■ ■ ■ < Sfc+ TO - Notice that ipi is absent in H 2m +i,o- Since 
(xq)^ does not contain ipi, 

(x Q H 2m +1,0 C #2m-3,0- 

We set 

#2ra+l,0 



2n+l,0 



(x Y 2 ~>H 2n +5fi 

The degree induced from V^j(Ai) is given by 

degV^n+i = 2n, deg^n+i = _ 2n, deg |2m + 1 >= -to 2 - m. 
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Theorem 2 (i) The space A2 m +i becomes a free T>-module as 

A 2m +i - T> ® W 2m+ in. 



(ii) 



Corollary 3 



chA 2m +i 



iP ■ P)oo 



A 



2m+l 



2m+l 



W2m+1,0- 



Proof of Theorem\^ 
Since 

= V'l + ^203 + 74-05 H , 

we have the isomorphism of 2?-modules 

t. o, £/ 15 ^2m+l 
-H 2m+ i,o — _ — ^ 7 

X (£><g> £/ 2 m+l) 

Thus the natural map 

V ® i?2m+l,0 — * 4°2+i 
is surjective and its kernel is given by 

Xq (D ® #2m+l) + OEq ) (2) (^ (g> i? 2m+5 



x {V® H 2m +i) 



which proves (i). 

Next let us prove (ii). Set 



JY 



UJ N 



- ^2 0-(2n-l)02n+l, 
n=l 

N 

VN = X]^-(2n-l)^2n+H 
ri=l 

JV JV 
CiV = - XI ^-(2n-l)V'-(2n-l) + 02™+l 02™+l ■ 



Then they satisfy the relations of sl 2 as in the case of A 2m . It follows that (x )^ 2 - ) is injective 
on 7?2m+i,0j to > 1. Using the arguments of pQ we have 



chW2m+l,0 — chiJ 2 m+l,0 — chi/ 2 m+5,0 

I 2 m+1- 



= {l- P 2m+2 )chH 2ri 



1G 



Thus (ii) follows from 



chif 



P 



m(m+l) 



2m+l 



(p 2 : p 2 



We define de Rham type complex (C 2 ^ l+ i,d) and its cohomology if 2 m+if° r A2 m +\ in a 



similar manner to the case of A2 m - Then 
Proposition 4 



H. 



-p 

2m+l 



W2m+i,o, forp = 
0, for p > 1. 



The proof of this proposition is similar to that of PropositionEland we leave it to the reader. 

7 Action of symplectic group on cohomologies 

Let Sp(2n) C GL(2n,C) be the symplectic group. For n < n' we have the embedding 

GL(2n,C) c GL(2n',C), 



A 



A 



where l r denotes the r by r unit matrix. We define the group Sp(2oo) as the inductive limit of 
Sp(2n) with respect to this embedding. In this section we shall show that W^m and Wam+1,0 
are irreducible representations of Sp(2oo). 
Let us consider Wi m first. Set 



n > 1. 



Then 



Let 



We consider V/v as the vector representation of Sp(2N). Then for k > 1 
is isomorphic to the fc-th fundamental representation of Sp(2N), where 

N 

Vn = o.i A ft. 
i=l 



(15) 



(16) 



(17) 
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To each m > we associate M^j 1 , N > m. For TV < TV' we define a map 

t> i— > i> A aAr + i A • • • A aw 1 - (18) 



It induces a map 



M { N N L — M^l- (19) 



Lemma 3 TTie map IL9|) is injective. 

Proof. It is sufficient to prove the lemma for N' = N + 1. Suppose that i> 6 A m V/v satisfy 

U A «JV+1 = )J]V+1 A W, ^g^JV-m-l^^ ^20) 

Let us write 

w = w' + w" A ajy+i) u>' G A' /v_m_1 Viv+i, e A^-^Vjv+i, 
where it) and w" do not contain O/v+i- Then 

t]n+i A w = rj N A w' + (— «/ A /3jv+i + 77^ A w") A ajy+i- 

By (J20J) we have 

A w = 0. 

By the representation theory of sl 2 r?jv is injective on A n ~" 1 ~ 1 Vn © Pn+i A w ~ m_2 V/v- Thus 
«/ = and we have 

V A apf + i = t]n A «/' A ajv+i- 

This shows d = rj n A «/'. ■ 

We denote Moo-m the inductive limit of M^_ m , 

M 00 _ m = \imM ( £} m . 

For N < N' the subgroup Sp(2N) in Sp(2N') fixes ajy + i,...,ajv', /3n+i,--,Pn' ■ Therefore 
Sp(2oo) acts on Af oc _ m . It is straightforward to check that this representation is irreducible. 

Proposition 5 

W 2m ^ Moo_ m . 

Proof. By the representation theory of s?2 we have the isomorphisms, 

Ld" 1 : H2m — H-2 m , 



Thus 

^2™ -H -2m 



W-H2m+4 f]H-2m-A 
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We shall show that Wim is an inductive limit of the subspaces isomorphic to M^_ m . 
We set, for N > m, 

N—m 

H- 2m (N) =Y,Y, C ^ ■ ■ ■ ' ' ' a m-m-H I -2JV>, 

k=0 

where the second summation is taken for all 

1 < ix < ■ ■ ■ < i k < N, 1 < ji < ■ ■ ■ < j N -m-k < N. 
For N < N' we have the inclusion 

H-2m(N) C H-2m(N'), (21) 

x\ - 2N >= xa N+ i ■ ■ -a N >\ - 2N' > . 
Thus {H_2m(N)} defines an increasing filtration and satisfy 

H-2m — l *- l N=mH-2m(N). 

There is an isomorphism, 

H- 2m (N) A N ~ m V N , (22) 
Ph ■■■Pi k <Xji ■ ■■0!j N _ m _ k \ - 2N >^ f3 ll A • • • A aj Nmk . 

It induces the isomorphism 

H-2m{N) A N - m V N (JV) 

r, N H-2m-i(N) - VN A"— 2 V N N - m ' 

By the isomorphism 122() the inclusion i|21[) is transformed to the map (|18fl . Thus we have 

H-2m H-2m(N) 

= hm : — - ~ Moo_ m . 



rjH_2m-A ' r] N H^ 2m -4(N) 



As to W2 m +i,o we have 
Proposition 6 



W2 m +1 — Moo—m—i. 



Proof. In this case we set 

Oin = ^-(2n-l)> Pn = i>2n+l> a n = ^-(2n-l), P* n = V>2n+1, Tl > 1. 

Then uj and 77 are given by Ijl5(l . Define Vat and by (|16|l and Ijl7(l respectively. As in the 

case of i?2m we have the isomorphisms 

LO m+1 : H2m+1,0 — -ff-2m-l,0> 

m+2 i 



W m H2m+5,0 — T]H- 



2m-5,0: 
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and consequently 



r ]H-2m-5,a 

By the definition 

oo 

H-2m-i,o= £ £C/3 n ---A fc _ m _ 1 «* 1 ---a*Jl>, 

where the second summation is taken for all 

1 < ii < ■ ■ ■ < ifc- m -i, 1 < ji < ■ ■ ■ < jk- 

We identify ff_2m-ro a s a subspace of ii-2m-3 by 

x|l >=x^|-l >h^x| -1 >, (23) 

that is, by removing ip\. Since x does not contain ifii, this map is well-defined. Moreover the 
map l|2*3"|l preserves the degree because degV'i = 0. We set 

N-m-l 

where the second summation is taken for all 

1 < h < ■ ■ ■ < i k < N, 1 < ji < ■ ■ ■ < j N - m -i-k < N. 

Then 

H- 2m -i,o(N) * A^-™- 1 ^. (24) 
For N < N' we have the natural inclusion map 

H- 2m -i,o{N) — ► H- 2m -i,o(N'), 

x\ -(2JV+1) >^xa N+ i---a N ,\ - (2N' + 1) > . 

This map is transplanted to (|18fl by the isomorphism l|24(l . Thus we have 

~' hm = : — - ~ Moo^.i. 
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